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LETTER TO THE EDITOR 
COMMENT ON 'APPLICATION OF GENERALIZED QUADRATURE 

TO SOLVE TWO-DIMENSIONAL INCOMPRESSIBLE 
NAVIER-STOKES EQUATIONS', BY C. SHU AND B. E. RICHARDS 

Referring to the paper by Shu and Richards which appeared in Int  j .  numer. methodsjluids,' 
I would like to bring to attention that the formulae for the generalized differential quadrature and 
for calculation of the weighting coefficients have previously been reported in the literature. In 
addition, many other developments have occurred following Bellman et a1.2 

Civan and Sliepcevich3 - extended and generalized the method of differential quadrature for 
approximation of higher-order partial derivatives of single and multivariable functions. Civan 
and Sliepcevich7 extended the quadrature method for integro-differential equations. Civan and 
Sliepcevich', * introduced the concept of approximating composite and intricate operations by 
a single quadrature. Blick and Civang and Civanl' demonstrated that the application of 
differential quadrature to highly non-linear phenomena leads to very practical and accurate 
computational schemes. Civan' extended the differential quadrature method to differential 
cubature for multivariable functions. Civan" developed a generalized quadrature and cubature 
approach for integrals, derivatives and composite operators for multivariable functions, and 
presented applications in which both the spatial and temporal derivatives and integrals were 
approximated by these methods for the first time, to the author's knowledge. Civan12,13 has 
shown that the cubature method is particularly advantageous over the quadrature method when 
mixed operations, such as a2/8xdy and (a/dx)J ay, were involved. Civan" - I 3  has also developed 
a generalized methodology for determination of the quadrature and cubature weighting coeffic- 
ients for general applications. 

Quan and Chang14 developed the explicit formulae for calculation of the differential quadra- 
ture weights using the Lagrange interpolation process and the Legendre, ultraspherical and 
Chebyshev polynomials. Civan" pointed out that the ill-conditioning problem associated with 
the Vandermonde matrix can be alleviated by using the Bjork and Pereyra" method. The 
aforementioned works and many others published in the literature including those by Jang et 
a1.I6 and Sherbourne and Pandeyl' as well as Shu and Richards' are the applications of the 
differential quadrature method which indicate that the quadrature leads to accurate results with 
less computational effort. Civan12, l 3  demonstrates that the cubature approach can achieve better 
results for multivariate functions. Civan" shows that the cubature method can be applied for 
local discretization which is also true for the quadrature. 

The quadrature and cubature methods form a practical basis for the development of a variety 
of numerical schemes (including some of the commonly known formulae) by choosing different 
functional representations including the conventional polynomials and those derived from the 
analytical solutions of the locally linearized equations'* to determine the quadrature and 
cubature weights. Therefore, these are highly versatile innovative methods which promise a great 
potential for future research. 

Faruk Civan 
School of Petroleum and Geological Engineering 

The University of Oklahoma, Energy Center, T301 
Norman, OK 73019, U.S.A. 



922 LETTER TO THE EDITOR 

REFERENCES 

1. C. Shu and B. E. Richards, ‘Application of generalized differential quadrature to solve two-dimensional incompress- 

2. R. Bellman, B. G. Kashef and J. Casti, ‘Differential quadrature: a technique for the rapid solution of nonlinear partial 

3. F. Civan and C. M. Sliepcevich, ‘Solution of the Poisson equation by differential quadrature’, Int. j. numer. methods 

4. F. Civan and C. M. Sliepcevich, ‘Application of differential quadrature to transport processes’, J .  Math. Anal. Appl., 

5 .  F. Civan and C. M. Sliepcevich, ‘Differential quadrature for multidimensional problems’, J. Math. Anal. Appl., 101, 

6. F. Civan and C. M. Sliepcevich, ‘Application of differential quadrature to solution of pool boiling in cavities’, Proc. 
Oklahoma Academy of Science, 65, 73-78 (1985). 

7. F. Civan and C. M. Sliepcevich, ‘Solving integro-differential equations by the quadrature methods’, in F. R. Payne, 
C. C. Corduneanu, A. Haji-Sheikh and T. Huang (eds.), Integral Methods in Science and Engineering. Hemisphere, 
New York, 1986, pp. 106-113. 

8. F. Civan and C. M. Sliepcevich, ‘On the solution of the Thomas-Fermi equation by differential quadrature’, 
J .  Comput. Phys., 56, 343-348 (1984). 

9. E. F. Blick and F. Civan, ‘Porous media momentum equation for highly accelerated flow’, SPE Reservoir Eng., 3, 

10. F. Civan, ‘Water flooding of naturally fractured reservoirs-an efficient simulation approach’, Proc. SPE Production 
Operations, Oklahoma City, Oklahoma, March 21-23, 1993, SPE Paper #25449, pp. 395-407. 

11. F. Civan, ‘Differential cubature for multi-dimensional problems’, in W. G. Vogt and M. H. Mickle (eds.), Proc. 20th 
Annual Modeling and Simulation Con$, University of Pittsburgh, Pennsylvania, May 4-5, 1989, Vol. 20, Part 5, 1989, 

12. F. Civan, ‘Quadrature and cubature methods for numerical solution of integro-differential equations’, in A. Haji- 
Sheikh (ed.), Integral Methods in Science and Engineering-90, Series in Computational and Physical Processes in 
Mechanics and Thermal Sciences. Hemisphere, New York, 1991, pp. 282-297. 

13. F. Civan, ‘Finite analytic-cubature based numerical method for reservoir simulation’, Proc. 3rd European Con$ on 
Mathematics of Oil Recouery, June 17-19, 1992, Delft University of Technology, The Netherlands, pp. 263-271. 

14. J. R. Quan and C. T. Chang, ‘New insights in solving distributed system equations by the quadrature method’, 
I. Analysis’, Computers Chem. Engng., 13, 779-788 (1989). 

15. A. Bjiirk and V. Pereyra, ‘Solution of the Vandermonde systems of equations’, Math. Cornput., 24, 893-903 (1970). 
16. S. K. Jang, C. W. Bert and A. G. Stritz, ‘Application of differential quadrature to static analysis of structural 

components’, Int. j .  numer. methods eng., 28, 561-577 (1989). 
17. A. N. Sherbourne and M. D. Pandey, ‘Differential quadrature method in the buckling analysis of beams and 

composite plates’, Cornput. Struct., 40, 903-913 (1991). 
18. F. Civan, ‘Finite analytic method for numerical solution of mathematical models’, in A. Haji-Sheikh (ed.), Integral 

Methods in Science and Engineering-90, Series in Computational and Physical Processes in Mechanics and Thermal 
Sciences, Hemisphere, New york, 1991, pp. 270-281. 

ible Navier-Stokes equations’, Int. j .  numer. methods juids ,  15, 791-798 (1992). 

differential equations’, J. Comput. Phys., 10, 40-52 (1972). 

eng. 19, 711-724 (1983). 

93, 206-221 (1983). 

423-443 (1984). 

1048-1052 (1988). 

pp. 1843-1847. 


